Hopf representation is a module and comodule with a consistency condition that is more general than the consistency condition of Hopf modules. For a Hopf algebra H, we construct an induced Hopf representation from a representation of a bialgebra B using a bialgebra epimorphism π : H → B. Application on the quantum group E q (2) is given.
Introduction
Hopf algebras theory provides the ring theoretical ground for quantum groups, which has been one of the most active research topics for the past three decades. The discovery of the quantum groups has enriched the classical representations theory of Lie groups. One of the powerful tools in the theory of unitary representations of classical Lie groups is the induction process. Induction of quantum groups representations was developed in several articles, for example [3, 6] .
From [5, Section 4 .1], for a Hopf algebra H, the module structure on a left H-module W , induces a specific left module structure on H ⊗ W , (given in part (1) of Remark 2.2). W will be a left H-Hopf module if it caries a comodule structure that is consistent with the module structure. The consistency condition can be phrased as; the comodule structure defines a module homomorphism from W to H ⊗ W with respect to the specific module structure on H ⊗ W , Definition 2.4. Theorem 2.3 provides two other equivalent conditions for the consistency condition. In this work, we relax the consistency condition by freeing it from the specific module structure on H ⊗ W . A left Hopf representation W is defined to be a left H-module that has a comudule structure which defines a homomorphism from W to H ⊗ W with respect to some module structure on H ⊗ W , Definition 2.5. Every Hopf module is by definition a Hopf representation but the converse is not necessarily true, Examples 2.6.
The main result of this article is constructing an induced Hopf representation for a Hopf algebra H using a representation of a quantum subgroup (B, π), where B is a bialgebra and π : H −→ B is a bialgebras epimorphism, Theorem 2.12.
The article is organized as follows. The second section consists of three subsections: first one is devoted for the definition of Hopf modules; in the second subsection we introduce Hopf representations; and in the last subsection we provide the induction construction for Hopf representations. We finish the article with an application on the quantum group E q (2). In the following, let H = (H, ·, 1, △, ǫ, S) be a Hopf algebra over a field K and W be a K-space. We will use Sweedler sigma notations, id as an identity map and T as the twist map.
Hopf Representations

Hopf Modules
The material of this subsection can be found in [1, 5] .
Definitions 2.1.
1. (W, α) is a left H-module if the following two diagrams are commutative
and 
2. β is H-module morphism with respect to α and φ;
3. α is H-comodule morphism with respect to ψ and β. 
Hopf Representations
Definition 2.5.
1. The quadrable (W, α, β, φ) is called a left Hopf representation of the first type if the following three conditions are satisfied
with respect to α and φ.
2. The quadrable (W, α, β, ψ) is called a left Hopf representation of the second type if the following three conditions are satisfied
is a left H-comodule, such that α is H-comodule morphism with respect to to β and ψ. Right Hopf representations can be defined in a similar way with the obvious changes. The second example of the following two examples is a Hopf representation that is not a Hopf module.
Examples 2.6.
1. If (W, α, β) is an H-Hopf module, then (W, α, β, φ, ψ) is an H-Hopf representation, where φ and ψ are defined as in (7) and (8) respectively.
2. Let W = H⊗H. Consider the following right H-module and H-comodule.
given by
One can see that (W, α) is a right H-module. To show that (W, β) is a right comodule, first for diagram (3) (for right comodules) we have
For diagram (4) (for right comodules) we have
In the following we will show that (W, α, β) is not a right Hopf module by showing that diagram (9) (for right modules and comodules) is not commutative. Let x be a non unit element of H. Then
However
We define a right Hopf representation structure of the first type on (W, α, β). Consider the map
To see that (H ⊗ H ⊗ H, φ) is an H-module. One can see that diagram (1) (for right modules) is commutative for φ, and for diagram (2) (for right modules) we have
Finally, β is a right module homomorphism with respect to α and φ, since
Which makes (W, α, β, φ) a first type right Hopf representation. 
Induced Hopf Representations
Definition 2.8. ([3] , [6] ) Let (B, · B , 1, △ B , ǫ B ) be a bialgebra. The pair (B, π) is called a quantum subgroup of H if π : H → B is a bialgebra epimorphism, that is π is an algebra epimorphism such that the following two diagrams are commutative H
and
In the following, Let (B, π) be a quantum subgroup of H and (L, η) be a B-module, where L is a Hilbert space.
The space of the induced representation as a subspace of H ⊗ L is given by
The following two lemmas show that L ′ is non trivial.
Now, if b ′ is an element of B, then
Apply the following map on both sides
we get
Then, we have
Where the second equation is by using h ⊗ l ∈ L ′ with setting b = 1 in the definition of L ′ , and the fourth equation is by using the coassociativity and (20). Now, for b ∈ B, we have
Hence
which finishes the proof. 
and the consistency map
is a left H-module is straightforward. Finally, to show that β is a module map with respect to α and φ H , we have
Hence (L ′ , α, β, φ H ) is a first type left Hopf representations of H.
Example 2.13. Consider the quantum group E q (2) (over the field of complex numbers C) where the basis of its irreducible representation coincides with the irreducible representation of the quantum group A(E q (2)), where A(E q (2)) is the Hopf algebra generated by the elements z,z, a andā with the commutation relations zz =zz = 1, aā =āa, za = qaz, az = qza,āz = qzā, zā = qāz where q is a real number. The comultiplication is given by △(z) = z ⊗ z, △(a) = a ⊗ 1 + z ⊗ a.
(33)
The counit and the antipode are given respectively by ǫ(z) = 1, ǫ(a) = 0, S(z) =z, S(a) = −za.
We can choose a quantum subalgebra A(K) corresponding to translations in A(E q (2)) which defined as C[t,t]. The coproduct △ K , counit ǫ K and antipode S K are given by △ K (t) = t ⊗ 1 + 1 ⊗ t, ǫ K (t) = 0, S K (t) = −t.
and the projection epimorphism, π : A(E q ) −→ C[t,t] is given by π(a) = t, π(z) = 1. The Hopf subalgebra A(K) is coabelian and its irreducible corepresentations are one-dimensional. Now, if η is the representation of C[t,t] in C, (for example η(t ⊗ c) = ǫ(t)c = 0 and η(1 ⊗ c) = c) then we have irreducible first type Hopf representation of A(E K (2)) on the sub Hilbert space L ′ .
